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ABSTRACT

Let |- | be a fixed absolute norm on R’. We introduce semi-|- |-summands (resp.
|-|-summands) as a natural extension of semi-L-summands (resp. L-
summands). We prove that the following statements are equivalent. (i) Every
semi-| - |-summand is a | - |-summand, (i) (1,0) is not a vertex of the closed unit
ball of R with the norm |- |. In particular semi-L”-summands are L”-summands
whenever 1 < p = @, The concept of semi-| - |-ideal (resp. | - |-ideal) is introduced
in order to extend the one of semi-M-ideal (resp. M-ideal). The following
statements are shown to be equivalent. (i) Every semi-|- [-ideal is a |-|-ideal,
(i) every | - Fideal is a | - -summand, (iii) (0, 1) is an extreme point of the closed
unit ball of R* with the norm |-|. From semi-|- |-ideals we define semi-|- |-
idealoids in the same way as semi-|-|-ideals arise from semi-|- |-summands.
Proper semi-|- [-idealoids are those which are neither semi-|- |-summands nor
semi-| - -ideals. We prove that there is a proper semi-| - |-idealoid if and only if
(1,0) is a vertex and (0, 1) is not an extreme point of the closed unit ball of R’
with the norm |-|. So there are no proper semi-L?-idealoids. The paper
concludes by showing that w *-closed semi-| - [-idealoids in a dual Banach space
are semi-| - |-summands, so no new concept appears by predualization of semi-
| idealoids.

Introduction

In recent years a great deal of interest has been devoted to those (linear)
projections 7 on a Banach space X satisfying either

Ixlt=llml+lx = =)l

or
x| = Max{f ()|, || x = 7 (x) ]}

In the former case 7 is called an L-projection on X and its range is an
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L-summand of X. In the latter case 7 is called an M-projection on X and its
range is an M-summand of X. It is well known that the polar M" of an
L-summand (resp. an M-summand) M of X is an M-summand (resp. and
L-summand) of the dual space X'. Things do not go as well in the converse
direction. Following Alfsen and Effros [1] an M-ideal of X is a closed subspace
M of X such that M’ is an L-summand of X' and it is well known that there are
M -ideals which are not M-summands. At a first glance an analogous definition
might be given for L-ideal, closed subspace M of X such that M’ is an
M-summand of X'. Surprisingly this extension of the concept of L-summand is
trivial, that is L -ideals are L-summands [10; Theorem 1]. Up to date this striking
asymmetry in the behaviour of the concepts of L- and M-summand seems to be
an anecdotic fact whose last reason nobody has explored. This fact will find here
a coherent explanation when considered in a wider context.

Behrends [3] considers L?-summands for 1 < p <e. An L?-summand of X is
the range of an L”-projection on X that is a projection # on X satisfying

lxlf =7 +]x = =)

(L-summands and M-summands cover the cases p =1 and p = « respectively).
A closed subspace M of X is an L?-summand of X if and only if M" is an
L7-summand of X' where 1/p +1/q =1 (1 < p <) [14; Proposition 2.9]. So
when p # ® the concept of L”-ideal agrees with the one of L”-summand, and
M-ideals become an even more isolated exception.

An extension of L-summands in a different direction is due to Lima [16] who
introduced semi-L-summands. A definition of semi-L-summand which is equi-
valent to the one by Lima can be given as follows (see [16; Theorem 5.6]). By a
semiprojection on X we mean a mapping 7 from X into X satisfying

m(x +w(y)=m(x)+7(y) and w(Ax)=Aw(x)

for all x, y in X and scalar A. A semi-L-summand of X is the range of a
semi-L-projection on X, that is, a semiprojection w on X satisfying

Fx ([ =lm@)+1x - m )|

The existence of semi-L-summands which are not L-summands is known in [16].
Lima defines a semi-M-ideal as a closed subspace M of X such that M’ is a semi-
L-summand of X'. The class of semi-M-ideals is wider than the one of M-ideals.
The concepts of semi-L?-summand (1< p =) and semi-L?-ideal (1= p <x)
can now be introduced in an analogous way but nobody has for the moment
discussed them (Why?). Actually, as a consequence of the results in this paper
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semi-L?-summands for p#1 and semi-L°-ideals for p#c are in fact L’-
summands. So we realize that the existence of semi-L-summands which are not
L-summands and of semi-M-ideals which are not M-ideals appears to be
another surprising exception waiting for a coherent explanation.

The main purpose in this paper is to discuss the above-mentioned concepts in
a wider and natural context. The above results are then extended as much as
possible in our context. This gives a much more clarifying picture of the
situation.

In a first step we consider those semiprojections 7 on a Banach space X with
the property that the norm of any element x in X only depends on the norms of
w{x) and x — w(x), that is, we suppose that there is a real function f defined in
the first quadrant of R® such that

x| = fl w1 = ).

As noticed by Evans for linear « [12], when the trivial cases w =0,1 are
excluded f must be the restriction to the first quadrant of a normalized absolute
norm on R (in short: absolute norm) [8; Section 21]. Consequently, given an
absolute norm |- | we define a semiprojection (resp. a projection) 7 on X to be a
semi-| - |-projection (resp. a |- |-projection) if it satisfies

Fxl=10 7@ x = 7)1

Ranges of semi-|-|-projections (resp. |:|-projections) are called semi-}- |-
summands (resp. | - |-summands). | - |-Summands have been discussed in [21] and
with different notation in [12, 19]. The nonlinear case has been considered in [20,
22].

As announced above for convenient selections of the norm | - | every semi-|- |-
summand is in fact a | - |-summand. Our main result in section 1 reads as follows.
Given an absolute norm || the following statements are equivalent:

(i) Every semi-||-summand is a |- |-summand.

(ii) (1,0)is not a vertex of the closed unit ball of the Banach space (R, |-|).
The proof that (ii) = (i) was first given in [20] and independently obtained in
[22]. The fact that semi-M-summands are M-summands appears in the proof of
the main result in {13]. The techniques used for the above theorem allow us to
obtain also some interesting properties of semi-| - [-projections as is, for example,
the fact that they satisfy the Lipschitz condition

lr@)~ml=lx~-yl.
This has been proved by Yost for semi-L-projections [23]. By using the
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Bishop-Phelps Theorem we prove that if a Banach space X is a semi-|- |-
summand of its bidual space X" then X is a semi-L-summand of X”. This
extends a result by Godefroy [15].

In a second step we discuss semi-| - |-ideals. A semi-| - |-ideal (resp. | - ]-ideal) of
X is a closed subspace M of X whose polar M’ is a semi-| - [*-summand (resp.
| [*-summand) of X' where |- [* is defined by

[(r,s)|*=Max{|rb+sa]: |(a,b)|=1} (r,s ER).

The coherence of this definition is justified by the fact that every |- |-summand is
a |-|-ideal. Our main result on semi-|- |-ideals establishes that if (0,1) is an
extreme point in the closed unit ball of the Banach space (R%, |-|) then every
semi-| - |-ideal is a | - |-summand. This improves the result in [21; Corollary 10].
We prove also that for each absolute norm |- |not satisfying the above condition
there are semi-| - |-ideals which are not |- |-ideals and |- |-ideals which are not
|- |-summands. The second part of this assertion was announced in [21; Remark
12]. The relation between semi-| - |-summands and semi-|- |-ideals is also clarified
by showing that if a closed subspace M of X is at the same time a semi-|- |-
summand and a semi-| - [-ideal of X, then M is a |- |-summand of X.

In the third section of this paper a new class of subspaces with no classical (L”)
counterpart appears. A closed subspace M of X is called a semi-|- |-idealoid
when M’ is a semi-| - [*-ideal of X'. Every |- |-ideal is clearly a semi-| - |-idealoid,
in fact M is a | - |-ideal of X if and only if M is at the same time a semi-| - |-ideal
and a semi-| - -idealoid of X. If (1,0) is not a vertex of the closed unit ball of
(R, |-]) then every semi-|- -idealoid is a |- |-ideal. It was proved by Lima [16;
Theorem 6.14] that M is a semi-L-summand of X if and only if M’ is a
semi-M-ideal of X’. We extend this result by showing that every semi-| |-
summand is a semi-| - |-idealoid and that if (0, 1) is an extreme point in the closed
unit ball of (R?, |- |), then every semi-| - |-idealoid is a semi-| - |-summand. In view
of the above facts the concept of semi-L*-idealoid is not relevant, for semi-L-
idealoids are semi- L -summands, semi-L?-idealoids are L*-summands whenever
1< p < and semi-M-idealoids are M-ideals. However for any absolute norm
|- | such that (1,0) is a vertex and (0, 1) is not an extreme point of the closed unit
ball of (R |-]|) we construct a semi-|- |-idealoid which is neither a semi-|- |-
summand nor a semi-| - |-ideal.

It is a quite surprising fact that the way of consecutive predualizations of the
concept of semisummand has its end at semiidealoids. More concretely we prove
that every w *-closed semiidealoid of a dual Banach space is a semisummand, so
if M° is a semi-|- [*-idealoid of X’ then M is a semi-| - |-ideal of X. In particular
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we obtain that every w *-closed ideal of a dual Banach space is a summand. This
was asked by Alfsen and Effros [2; Problem 7.2] for M-ideals and affirmatively
answered by Evans [13] and Lima [16].

Therefore, among the three concepts (semisummands, semiideals and
semiidealoids) to be considered in our general context of absolute norms only
two (summands and ideals) remain relevant in the linear case. Also only two of
them (semisummands and semiideals) arise when we restrict our attention to
classical L” norms. We think that the appearance of semiidealoids adds new
interest to the consideration of general absolute norms.

1. Semisummands

Throughout this paper (X, ||-||) (or X if there is no ambiguity) will be a
Banach spdce over the field K (R or C). A mapping 7 from X into X will be
called a semiprojection if it satisfies

(1.1) ax +7(y)=7(x)+7(y) (xy€X),
(1.2) 7Qx)=Ar(x) (A €K, x € X).

The range w(X) of a semiprojection is a subspace of X but its kernel
Ker 7 ={x € X : 7(x) =0} is only a cone which remains invariant under scalar
multiplication. The formula x = 7 (x)+ (x — 7 (x)) gives the unique decomposi-
tion of any vector x as a sum of a vector in 77(X) and another in Ker 7. Note that
a semiprojection 7 is a (linear) projection if and only if Ker 7 is convex.

Semiprojections appear in a very natural way. Suppose that M is a Chebyshev
subspace of X, that is for every x in X there is a unique element 7(x) in M such
that | x — 7 (x)|| is the distance from x to M. Then 7 (the best approximation
mapping from X onto M) is a semiprojection.

By absolute norm we mean a norm |-| on R? satisfying

(13) [ [=1(rlIsDI (ns ER),
(1.4) |(1,0)[ =0, =1

A number of geometric facts about absolute norms some of which will be needed
in the sequel appear in [8; Section 21].

A semiprojection 7 on X will be called absolute if there is an absolute norm
|| such that

(1.5) Ixll= (7Gx = 7@l & €X).

Every absolute semiprojection will be supposed nontrivial (7 # 0,1). Then the



38 J. F. MENA-JURADO ET AL. Isr. J. Math.

absolute norm which appears in (1.5) is clearly unique and the term semi-|- |-
projection will be applied to 7 in order to emphasize this norm. Ranges of
absolute semiprojections will be called semisummands (or semi-| - |-summands).
If an absolute semiprojection is in fact linear we call it an absolute projection (or
|- l-projection) and its range will be a summand (or |- |-summand).

The following intuitive classification of absolute norms will be useful in our
study of absolute semiprojections and semisummands. We define the type of an
absolute norm |- | to be 1 if (1,0) is a vertex of the unit ball of (R?, |-|) (the unit
ball has more than one support functional at (1,0)), 2 if (1,0) is not a vertex but is
an extreme point and o if (1,0) is not an extreme point. The cotype of |-| is
defined in the same way but using (0, 1) instead of (1,0). Equivalently, the cotype
of the absolute norm |-| is the type of its (also absolute) reversed norm |- |
defined by

(1.6) [(r, )| =]|(s,r)| (r,s ER).

When restricted to the first quadrant absolute norms are nondecreasing func-
tions in each variable [8; Lemma 21.2]. This fact together with the following
lemma which discusses the possibility of strict increasement will give the
approximation properties of semisummands.

LemMa 1.1. Let || be an absolute norm and let r, r., s be nonnegative real
numbers such that r,<r, and |(r,s)|=|(rs)|. Then we have |(r,s)|=
|(r2,5)| = s and the cotype of |- | is ®. Conversely, suppose that the cotype of |-| is
. Then there is a positive real number r such that |(r,1)|=1.

Proor. We can arrange |(r,s)|=]|(r,s)|=1 and we want s=1. This
follows from

1=|(r,s)|= ‘:—;(rz,s)+<l—:—:)(0,s)|§:—; ‘(rz,s)|+(1—:—;)s

=219+ (1-2) [ 9)] =1,
I r
To obtain that the cotype of |-| is « it is enough to write

0, 1) =2((r>, )+ (=12 1))

which shows that (0,1) is not an extreme point of the unit ball of ®R% |- ).
Conversely, if the cotype of || is @ we have

(0’ 1) = %«f, S]) + (_ r Sz))
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with |(r,s.)]|=1for i =1,2, (r,s:)#(—r,5:) and r =0. Then |s; [ 1for i =1,2
and s;+s5,=2,50 s;=s,=1and r>0.

If M is a closed subspace of the Banach space (X, |- ||) we denote also by |- |
the quotient norm, that is

[x +M=Inf{|x —m|: meM}.
For x in X we denote the set of best approximation of x in M by
Pu(x)={meM :||x—m|=|x+M]|}

Recall that M is said to be proximinal when Py (x) is nonempty for all x in X.
For m in M and r = 0 we denote by By (m, r) the closed ball in M with centre at
m and radius r.

ProPOSITION 1.2. Let 7 be a semi-|- |-projection on X and M = w(X). Let K
be the greatest nonnegative real number such that |(K,1)|=1. Then

Py(x)=Bu(7(x),K||x + M)

for all x in X_ In particular M is a (closed) proximinal subspace of X. Also M is
Chebysheu if and only if the cotype of |-|is 1 or 2.

Proor. For x €X and m €M we have by the definition of semi-|- |-
projection that

lx—mf=[(l7Gx)=m], |x=7@)DIz]x - 7x)l|
so ||x + M || =||x — w(x)] for all x in X. Now assume without loss of generality
that |x + M ||=1. Then
Py(xy={meM:|x-—m|=1={m eM:|(|m(x)—m|,1)[=1}
={meM:|n(x)-m|=K}.

To conclude the proof note that Py (x) is a singleton for all x in X if and only if
K = 0. By the above lemma this occurs if and only if the cotype of |- | is 1 or 2.

Consider the following questions. Does a semisummand M determine the
absolute norm |- | for which M is a semi-| - |-summand? If this is the case, does M
determine the semi-| |-projection whose range is M ? Both questions have an
affirmative answer as we show below.

CoroLLARY 1.3. Let M be a semisummand of X. There is only one absolute
semiprojection on X with range M.
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ProoOF. Let m and ., be absolute semiprojections on X with 7(X)=
m(X)= M. By the above proposition we have

Pu(x) = Bu(mi(x), K| x + M) = Bu(m(x), K: | x + M)

for all x in X and convenient constants K; and K. From the above equality we
easily deduce that 7, = .

In accordance with earlier terminology we denote by L* the classical absolute
norm defined by

1.7) Lo(rs)=(rf+]|s|")” (rsER) (1=p<w),
(1.8) L™(r,s)=Max{|r|, |s|} (s €R) (p=w).

We shall also denote the norm L' by L and the norm L” by M. L?-projections
are of course the most relevant examples of absolute projection and they have
been widely discussed (see for example [4], [5]). There is only one precedent of
our semisummands, namely semi-L-summands introduced by Lima in [16]. By
[16; Theorem 5.6] a semi-L-summand of X is a Chebyshev subspace of X whose
best approximation mapping = satisfies (1.5) with |- | = L. By Proposition 1.2 this
is equivalent to our definition. Therefore semisummands generalize semi-L-
summands in the same way that summands generalize L -summands. In particu-
lar a coherent definition of semi-L*-summand for p > 1 arises. If semisummands
were defined as Chebyshev subspaces whose best approximation mapping
satisfies (1.5) for convenient absolute norm, then M-summands would not be
semi-M-summands, in fact we should confine ourselves to absolute norms with
cotype 1 or 2 according to the above proposition. This explains our approach in
terms of semiprojections. As a consequence of the results in this section we shall
obtain that semi-L”-summands for p >1 are in fact L”-summands.

Behrends [3; Lemma 2.1] proves that if 7, and . are L”-projections on a
Banach space X for the same p and m:(X) = m,(X) then 7, = ar,. This had been
proved before by Cunningham in case p =1 [9; Lemma 2.1] and is known in [16]
when 7, and 7, are semi-L-projections. All these results are very particular
cases of the above corollary.

We now state the main result in this section.

THEOREM 1.4. Let |-| be a fixed absolute norm. The following statements are
equivalent.

(i) The type of || is 2 or .

(i) Every semi-|-|-projection is in fact a |- |-projection.
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Our proof of the above theorem involves some ideas on numerical ranges in
Banach spaces. These techniques have been successfully applied in other
directions (see [18] for example). More concretely, we shall obtain a formula
relating the right-hand side derivatives at zero of the convex real functions
a—|u+ax|and a = | u+am(x)| where m is an absolute semiprojection on
X, u is any norm-one element in 7(X) and x € X is arbitrary. We briefly recall
the geometrical relevance of these derivatives.

For any norm-one element u in X we consider the state space of u, that is, the
nonempty w*-compact convex subset of the dual space X' defined by

(1.9) Du)={feX :fu)=|f|=1}
For x € X we write
(L.10) V(u,x)={f(x):f € D(u)};

V(u, x) is a nonempty compact convex subset of the scalar field K and simple
properties like

(1.1 IA|=|xf  forallAin V(u, x),
(1.12) V{u,x +y)CV(u,x)+ V(u, y) (x,y € X),
(1.13) V@ du+ux)=Ar +uViu x) (A, 1 EK)

are easily verified. We shall also write

(1.14) v(u,x)=Max{|A|: A € V(i x)}

and it follows from the above statements that v(u,-) is a seminorm on X
satisfying

(1.15) v(u,x)=| x| forallx in X.

It is well known (see [11; Theorem V.9.5] for example) that

(116) MaxRe V (i, x) =lim (| u + ax | - 1).

a>0

The following elementary lemma deals with the case in which X is R® provided
with an absolute norm. We define the numerical index n(|-|) of the absolute
norm |-| by

(1.17) n(l+ ) =lim < (1(1. &)~ 1) = Max V((1,0), (0, 1))

a>0
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It is clear that 0=n(|-|)=1. Also n(L)=1 and n(L")=0 for 1<p =,

LEMMA 1.5. Let R® be provided with an absolute norm |-|. Then
0 V((1,0),(ns)=[r=n(-DIsr+n(-1)s|] for all (r,s)in R*.
@) [(n)z(ri+n(-Dls| for all (r,s) in R’

(iii) The type of |-| is 1 if and only if n(]-])>0.

ProoF. Part (i) follows almost inmediately from the definition of the numeri-
cal index and (1.13). From (i) we deduce

v((1,0),(r.s)=|r|+n(]-DIs|

and then (ii) follows from (1.15). For (iii) note that (1,0) is a vertex of the unit ball
of R? if and only if D((1,0)) separates the points in R* which turns out to be
equivalent to the fact that v((1,0), ) is a norm on R?, but in view of the above
formula for v((1,0),-) this occurs if and only if n(|-|)>0.

Our next Lemma is an elementary extension of (1.16).

LEMMA 1.6. Let F be a function from a real interval [0, §] into X. Assume that
|F©)|| =1 and that F is differentiable at zero. Then the real function G defined in
[0,8] by G(a)=||F(a)|| is differentiable at zero and

G'(0) = Max Re V(F(0), F'(0)).
PrROOF. Write F(a)=F(0)+ aF'(0)+ aH(a) where lim,_, | H(a)||=0.

Then we have

L (IFO)+aF |- )~ H(@)| == (Gla)-1)
=L (IFQ)+ aF'(O)]- 1)+ | H(e)|

and the result follows from (1.16) by letting a — 0.

We go now towards the crucial resuit in this section. For any nonzero subspace
M of X we can define a seminorm py on X by

(1.18) pu(x)=Sup{v(u,x):u €M, |ul=1}
It is clear that
(1.19) pu(x)=| x| forallxinX,

(1.20) pu(m)=|m|  forallmin M.
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For A €K and r =0 we write E(A,r)={u EK:|u —A[=r}.

THEOREM 1.7. Let 7 be a semi-|- |-projection on X and M = w(X). For m in
M with |m||=1 and x in X we have

() V(m,x)=V(m7(x))+EQO,n(]-]x - 7(x)]),

(i) v(m,x)=v(m 7(x)+n(|-Dlx -7l

(i) pu(x) =l () [+ n(]- Dllx — 7w ().

ProOOF. By (1.16) and the definition of semi-|- |-projection we have

Max Re V(m, x) =im %(|(|| m+am(x)|, a||x = 7w (x)|)]-1).

>0
Consider the function F :[0,1]— R® defined by
Fl@)=(lm+am@x)|,allx -7@x)[) O=a=).
We use again (1.16) to see that F is defferentiable at zero with
F'(0) = (MaxRe V(m, m(x)), | x — 7 (x))

while it is clear that F(0) = (1,0). Now we apply consecutively Lemmas 1.6 and
1.5 to obtain

Max Re V(m, x) =MaxRe V((1,0), F'(0))
=MaxRe V(m, m(x))+ n(]- ) [|x — m(x)]
=MaxRe (V(m, w(x))+ E@©,n(]- )| x — 7 (x))).

Change x by Ax with A €K, | A | =1 to obtain that the compact convex subsets of
K appearing in (i) have the same support mapping, so they agree (see [6; p. 90}).
Part (ii) is a direct consequence of (i) and then (iii) follows from (ii) and (1.20).

The following Corollary is known (see {20; Theorem 10.6], [22]) and it extends
the particular case in which the absolute norm under consideration is M (see the
proof of [13; Theorem]). With this Corollary we prove the assertion (i) = (ii) in
our Theorem 1.4.

CoroLLARY 1.8. Let 7 be an absolute semiprojection on X. If the type of the
absolute norm associated to m is 2 or ©, then 1 is linear, hence an absolute
projection on X.

Proor. If the type of the absolute norm | - |is not 1 we have by the last part of
Lemma 1.5 that (|- |) = 0 and Theorem 1.7 gives pu(x) = || #(x)| for all x in X
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where M = 7 (X). So we have that
Kerm ={x € X : pu(x)=0}
which is a subspace of X.

As noticed before the above Corollary implies that semi-L”-summands for
1<p<w are L’-summands. This together with Proposition 1.2 gives the
following characterization of L”-summands.

CoroLLary 1.9, Given a subspace M of X and a fixed p with 1 < p <, the
following statements are equivalent.

(i) M is an L?-summand of X,

(ii) M is Chebyshev and the best approximation mapping = from X onto M
satisfies

lx [P =l 7P +{x =7
for all x in X.

Up to this moment no concrete example of semisummand has been given. Of
course classical L”-spaces are rich in L”-summands. Without leaving the context
of classical Banach spaces the following could be an elementary example of
|- |-summand for nonclassical absolute norm |-|.

For each real number y with 0<+y <1 consider the absolute norm |-/,
defined by

|(r. $)l, =Max{|s|,|r|+v]s]}.
Let X, be the subspace of /5 defined by the equation
X,— X3 = 2‘YX1.

It is not difficult to verify that R(0,1,1,) is a |- |,-summand of X,. What about
semi-| - |-summands which are not | - |-summands? The easiest example of a semi-
L-summand which is not an L-summand is R(1,1,1) in /5. With a bit of
additional effort and without leaving the frame of classical Banach spaces we can
show some elementary examples of semi-|-|-summands which are not |-|-
summands for nonclassical absolute norms |-|. Concretely, for each y with
0< y <1 there is a subspace X, of I§ such that R(1,1,1,0,0,0) is a semi-|- |-
summand but is not a |- |,-summand of X,. Just take for X, the subspace of I
defined by the equations

29X — X1+ X2 =2yxs— Xo+ X3 = 2yxs — X3+ x; = 0.
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The following is a straightforward consequence of Corollary 1.8, Lemma
1.5(iii) and Theorem 1.7(iii). If # is an absolute semiprojection on X which is not
linear and M = 7 (X), then py is an equivalent norm on X and = becomes a
semi-L-projection on the Banach space (X, pm). So we can only get semisum-
mands which are not summands by renorming Banach spaces with semi-L-
summands which are not L-summands. Our next theorem shows that this
renorming process can always be carried over. We need the following property
of absolute norms.

LemMA 1.10. Let |-| be an absolute norm and write n = n(|-|). There is a
unique absolute norm |-|" such that

[(a,b)[=[(la|+n[b] [b][
for all a, b in R.

PrROOF. Define a continuous real function ¢ on [0,1] by

S()=|(1—(n +1)t,1)] forOéténi_l, ()=t for =

A

1.
The restrictions of ¢ to the intervals [0, 1/(n + 1)] and [1/(n + 1), 1] are convex

functions, so to prove that ¢ is convex we take 0=, <1/(n +1)< £, =1 and we
must verify that

+ 1 1
¢(%)§§d)(ﬁ)+§¢(lz).
This is clear when (f; + £,)/2 = 1/(n + 1). Otherwise we have
htby (i Lttt b L
#(455)=| (- e 0252 5)+ (0.5)

|(2—(n+l)(t,+tz),tl)|+%t2§% ](1—(n+l)t1,t1)]+%tz

=

1
2
where the last inequality follows from

0§2*(n +1)(t1+t2)§1_(n +1)t1.

We have clearly ¢(f)=¢t for 0=¢t=1. By Lemma 1.5(ii) we have also
¢(t)=1—1tfor 0=t =1/(n+1)and the inequality is clear when 1/(n + 1) =t =
1. So ¢ satisfies the condition

Max{l-tt}=¢(1)=1  (O=r=1).



46 J. F. MENA-JURADO ET AL. Isr. J. Math.

By [8; Lemma 21.3] there is a unique absolute norm |-|* such that
Q-0 =¢() Ost=1)

To prove that H+ satisfies the required condition it is enough to apply its
defining formula with
t= o] <1
la|+(n+1)|b|" n+1

where a, b €ER, |a|+|b|>0. The uniqueness of |-|" is easy and will not be
needed below, so we leave it as an exercise.

THEOREM 1.11. Let o|-| and |-| be arbitrary type 1 absolute norms, m a semi-
o - |-projection on X and M = w(X). Define

n +
e ll= | (o) 221+ 1) | e
where no=n(|-|) and n = n(|-|). Then ||| - ||| is an equivalent norm on X and w
becomes a semi-| - |-projection on the Banach space (X, |||-|||). When o|-|= L we
get
1 +
Ieli=|(1eb 2 ixemt)| wex)
while if |-| =L we have
lxll=pux)  (xEX).
Proor. It is clear that |||-||| is a seminorm on X satisfying
lx M= +no/n)||x|| forallxinX

By Theorem 1.7(iii) we have also
[ x|= (U/no)pm(x)= (Uno)|||x ||| forallxinX,

so |[|- |ll is an equivalent norm on X.
Another application of Theorem 1.7(iii) and the definition of |-|" given in the
above Lemma give us

11l =

n
()4 molx + M1, 25 + )

* n
= | (Iweb 2+ 1) |
Now we put 7(x) and x — 7(x) instead of x in the above equality to obtain

la@lll=fa@)l and jlx=m@)i=321x+M]
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so that the equality reads

T {F= 1l Gl i x = () 11D

and we have proved that 7 is a semi-|-|-projection on (X, |||-]||). In the
particular case o - | = L we have n,=1and py =] |. On the other hand if |- | = L
it is easy to verify that |-|"=M and n =1, so

x|l = Max{pm(x), nof x + M ||} = pu(x)  forall x in X.

REMARK 1.12. Let (X, |||-]||) be the Banach space resulting from the above
Theorem. If we apply to (X, ||| - |||) the same Theorem interchanging o - | and |- |
we get again the initial Banach space (X, || |).

Now the proof of Theorem 1.4 has been concluded. By Corollary 1.8 we can
only have semi-|- [-summands which are not |- |-summands when the type of the
absolute norm |- | is 1. Conversely, given a type 1 absolute norm || we can
construct a semi-|- |-summand which is not a |- |-summand, for it is enough to
apply the renorming process of the last Theorem to a space with a semi-L-
summand which is not an L-summand. All known examples of semi-L-
summands which are not L-summands appear in real Banach spaces. It is 4n
open question whether or not every semi-L-summand in a complex Banach
space is in fact an L-summand (see [25]). In view of the above comments the
analogous question for general semisummands reduces to semi-L -summands.
This is an example showing that Theorem 1.11 reduces up to a point the study of
semisummands to the one of semi-L-summands. Next we give another applica-
tion of this idea.

It is clear that every absolute projection # on X is continuous with norm one,
so it satisfies

lr@x)—my)i=lx—yll forallx,yinX

It has been proved by Yost [23; Theorem 1.3] that semi-L -projections satisfy the
above inequality. We now extend this result to absolute semiprojections.

CoRroLLARY 1.13. Let m be an absolute semiprojection on X. Then
le@)=7)=lx -yl  forallx, yinX.

ProoF. By Corollary 1.8 and the above comments we can suppose that the
type of the absolute norm associated to 7 is 1. Then by Theorem 1.11 we have
that 7 is a semi-L-projection of the Banach space (X, p ) where M = 7(X). By
applying (1.20), [23; Theorem 1.3] and (1.19) we obtain
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[7(x)—7W=pu(m(x)—m(yN=pu(x—y)=|x -y

Let X be complex and denote by X the underlying real Banach space. Every
semisummand of X is clearly a semisummand of Xa. The converse is not true (R
is an L’-summand of Cg). It was proved in [21; Corollary 7] that when the
euclidean norm L’ is excluded every summand of Xg is a summand of X. This
was obtained as a consequence of the fact that for |- | # L? every |- |-summand in
a real or complex Banach space is invariant under any bounded linear operator
whose algebra numerical range has empty interior in K [21; Theorem 6]. In fact
Partington [19] had proved the complex version of this theorem in a more
general form. Next we obtain the extension to semisummands of that result.

CoRrOLLARY 1.14. Let M be a semi-| - |-summand of X and T a bounded linear

operator on X. If |- | # L? and the algebra numerical range of T has empty interior,
then TIM)C M.

ProofF. By Corollary 1.8 and [21; Theorem 6] we can suppose that the type of
[-|is 1, that is, n(|-|)> 0. Let 7 be the semi-| - |-projection on X with range M
and let us fix m in M with | m || = 1. The first part of Theorem 1.7 for x = T(m)
gives

V(m, T(m))=V(m,aT(m))+ EQ,n(|- || T(m)— aT(m)]).

Since V(m, T(im))is included in the algebra numerical range of T (see [7; p. 82])
we have that V(m, T(m)) has empty interior. This implies #T(m)= T(m) as
required.

CoROLLARY 1.15. Let X be complex. The semisummands of X are the same as
the ones of Xz, provided that the euclidean norm L’ is excluded.

PrOOF. Analogous to the one of [21; Corollary 7] by using the above
Corollary instead of [21; Theorem 6]. In this way one obtains that every
semisummand M of Xp is a (complex) subspace of X. This and Proposition 1.2
give that the absolute semiprojection from Xy onto M is a (complex) semipro-
jection on X.

Godefroy [15; Theorem 6] has proved that if a Banach space is a summand of
its bidual space, then it is an L-summand. We conclude this section with an
independent proof of this result and at the same time we consider the nonlinear
case. We denote by Jx the canonical imbedding of a Banach space X into its
bidual space X".
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LemMma 1.16.  p,oo(F)=IF| for all Fin X".

Proor. For x in X with || x ||=1and f in D(X, x) we have that Jx(f) belongs
to D(X”, Jx(x)). Now apply the Bishop-Phelps Theorem (see [8; §16]) to obtain
that p,«(F)Z|[F|| for all F in X".

THEOREM 1.17.  Assume that Jx(X) is a semisummand of X". Then Jx(X) is
a semi-L-summand of X".

Proor. Use the above Lemma and Theorem 1.7(iii).

2. Semiideals

Together with an absolute norm |- | we can consider another one |- {* defined
by

Q. [(r.s)|* =Sup{|rb +sa|: |(a b)|=1}.
It is easy to verify that if M is a |-|-summand of X, then its polar
M'={fe X":f(m)=0 forall m in M}

is a | - [*-summand of the dual space X'. In [21] the |- |-ideals of X were defined
as those closed subspaces M of X such that M"is a | - |*-summand of X', so that
every |-]-summand of X is a |-|-ideal of X. The converse is not true when
|| =M, that is, there are M-ideals which are not M-summands {see [1]). Lima
[16] defines a semi-M-ideal of X to be a closed subspace M of X such that M* is
a semi-L-summand of X'. The concept of semiideal which we now introduce
includes both |- |-ideals and semi-M-ideals.

A closed subspace M of X will be called a semi-| - |-ideal of X if M’ is a semi-
|- |*-summand of X'. We say that M is a semiideal (respectively an ideal) of X if
there is an absolute norm |-| such that M is a semi-|- [-ideal (respectively a
|- -ideal) of X. In view of Corollary 1.3 the absolute norm |- | is unique.

It is clear that every |- [-ideal (hence every |- |-summand) of X is a semi-| |-
ideal of X. However semi-| - |-summands need not be semi-| - |-ideals. In fact let X
be a Banach space with a semi-L-summand M which is not an L -summand. If M
were a semi-L-ideal of X then M" would be a semi-M-summand of X', that is
(Corollary 1.8) an M-summand of X'. Then by [10; Theorem 1] M would be an
L-summand of X, a contradiction. Thus semisummands and semiideals are
different generalizations of summands. The relation between summands and
semiideals will be completely clarified in this section just as the relation of
summands with semisummands was clarified in section 1. The first step will be to
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prove that under certain condition on the absolute norm |- | every semi-|- |-ideal
is in fact a |- [-summand.

LEMMA 2.1. Let || be an absolute norm. The type of |- |* is 1 if and only if the
cotype of || is o,

Proor. Each element (a, b) in (R%, | 1) can be identified with the continuous
linear functional on (R®, |- |[*) given by (r, s)— rb + sa. With this identification in
mind the states of (1,0) in (R’ |- [*) are those elements in R® of the form (x, 1)
with | (x,1)| = 1. So the type of |-|* is 1 if and only if there is a x# 0 such that
|(x,1)]=1. By Lemma 1.1 this occurs if and only if the cotype of || is .

From the above Lemma the relation between the type of | - |* and the cotype
of || can be completely clarified. Suggestively, if the type of | [* is p and the
cotype of || is g, then 1/p +1/q =1 with the usual conventions.

THEOREM 2.2. Assume that the cotype of the absolute norm || is not ©. Then
every semi-|-|-ideal is a |-|-summand.

PROOF. If M is a semi-| - |-ideal of X, then M" is a semi-| - |*-summand of X'.
By the above Lemma the type of |:|* is not 1, so by Corollary 1.8 M" is a
|- [*-summand of X' and M is a |- |-ideal of X. By [21; Corollary 10] M is a
|+ |-summand of X.

The above Theorem improves [21; Corollary 10] where under the same
assumption on the norm | - | it was obtained that every |- |-ideal is a | - |-summand.
Our Theorem implies that semi-L”-ideals for 1 =p <o are L”-summands so
improving the results in [10; Theorem 1] and [14; Proposition 2.9]. The
assumption that the cotype of | - | is not ® can not be dropped, for there are semi-
M-ideals which are not M-ideals (even less M-summands) and M-ideals which
are not M-summands. Next we give an example of semi-| - |-ideal for nonclassical
absolute norm |-|. For each real number y satisfying 0<y <1 let X, be the
subspace of I} defined by the equation

'y(xl + x,+ X3) = (1 - 'Y)x4
and let M be defined by

X(+xZ+X3=X4=0.

It is not difficult to verify that M is a semi-| - |,-ideal of X, for all v, the absolute
norm |- |, being defined by

| ) =Max{|s|, [ri+v]s]}  (rs€ER).
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Moreover, M is not a |- |,-ideal of X,. Our next Theorem will show that the
assumption on the norm |- | in Theorem 2.2 is in fact necessary. More concretely,
for each cotype  absolute norm |- | there are semi-|:|-ideals which are not
|-]-ideals and |- |-ideals which are not |- |-summands.

THEOREM 2.3. Let M be a semi-M-ideal of (X, |-]|) and |-| a cotype »
absolute norm. Define

IFx Ml =1 (n<l- 1) x

Then ||| - ||| is an equivalent norm on X and M is a semi-|- |-ideal of (X, || -|I]).
Also Mis a |- |-ideal of (X, ||| - |||) if and only if M is an M-ideal of (X, |- ||) and
Misa |- |-summand of (X, ||| |||) if and only if M is an M-summand of (X, ||-|).

x+M[D] (xEX).

)

ProOF. By Lemma 2.1 the type of |- |* is 1, that is (Lemma 1.5) n(]|-[*)>0.
So if we define

Neey + M= i(n(-Mlxl ly+MDI  (xy€eX)

we obtain a norm on the product space Y = X X (X/M). The mapping ¢ defined
by
d(xX)={(x,x+ M) (xEX)

is linear and injective, so ||| - ||| is 2 norm on X with which ¢ is isometric. The
straightforward inequalities

n(-Ixl=Mx = A+nd-FHl«|

show that (|| ||| is equivalent to ||

Now we consider the natural identification of the dual space Y’ of Y with the
product space X' x M", Since X x {0} is clearly a |- |-summand of Y we deduce
that the norm of Y’ is then given by

@ ol |(lsh i) cexgem

(Observe that we use the same notation for each norm and its dual one.)

Consider ¢ as an isometric linear bijection from (X, ||| - |||) onto ¢(X). Then
the transpose mapping ¢' is an isometric linear bijection from ¢(X) onto
(X, lIl- 1. Also ¢(X)' can be identified with the quotient space Y'/d(X)' =
(X' x M°)/¢(X)". This gives that the mapping ¢ : (X' X M")/¢(X)’— X' defined
by

(gt e(X))=f+g (FEX,geM’)
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is an isometry. Since we have easily ¢(X) ={(g, —g): g € M"} we obtain in
view of (a) the following formula for the norm |||-||| on X':

(b) WA= (.00 + SN =1(£,0)+ S(X)']
= 1nf(h(f+ &= )b g € M=ot { | (I g 1+ &) | g e mr]

Recall that M is a semi-M-ideal of (X,]|), so let 7 denote the semi-L-
projection from (X', |-|) onto M". Then we have

If+gh=lm)+gl+lf - =
for all f in X’ and g in M". In this way (b) reads

©  Irli=w{| (1gh 5w Ar )+ gl =7OD) | g ep].

In particular (choose g = — 7 (f)),

*

@ 170= | (170 gt 1= 700

We shall prove that this inequality is actually an equality. To this end we fix g in
M° and apply Lemma 1.10 to the absolute norm |- [* with

a=lgl and b=ram dm)+ g+l =)D
and we obtain

(11 0w+ g1 = mD) | = 1@l = 1@ + (-0}

¥+

=| (11 1)+ g1+ = 7N sy Am)+ gD+ - = D)

*+

v

(17117 = 7 gy b~ )

= (I st - 1)

Thus we have proved that

*

@) 1= | (170 gy 1 = =)
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It is enough to put in the above formula 7 (f) and f — 7 (f) instead of f to obtain

IFIE= 1w O = =OID I

This shows that 7 is a semi-| - |*-projection on (X',

-

11D, so M is a semi-| - |*-
||, that is, M is a semi-| - |-ideal of (X, [||-]]]).

Note that the absolute semiprojection onto M" remains unchanged in the
above renorming process, so M is a | - |-ideal of (X, |||-]||) if and only if it is an
M-ideal of (X, ||-|)). It is almost clear that if M is an M-summand of (X, |- )
then M is a |-|-summand of (X,[||‘||). Assume to conclude that M is a
| |-summand of (X, ||| [l|) and let P be the corresponding | - |-projection. Then
1—P'isa |- |*projection on (X', ||| - Il ) with range M", so we have by Corollary
1.3 that 1 — P'= 7 and this implies that = is linear and is an L-projection on
(X", |I-ID, hence P is an M-projection on (X, ||:||) and M is an M-summand of
X -1

summand of (X', |

REMARK 2.4. The formula (2.3) which appears in the proof of the above
Theorem agrees with the one given by Theorem 1.11 in order to turn the
semi-L-projection 7 into a semi-| - |*-projection. So we have proved that when
the renorming process in Theorem 1.11 is applied to a dual Banach space with a
w*-closed semi-L-summand, then the new norm is again dual.

Our next goal will be to prove that the renorming process in the above
theorem is reversible so that every semi-| - |-ideal must arise by renorming a
space with a semi- M-ideal as done in the Theorem. We need the following result
on absolute semiprojections on dual Banach spaces.

LEMMA 2.5. Let 7 be a semi-|-|-projection on a dual Banach space X. Let
{y«} be a net satisfying || y. | =1 and y. € Ker = for all @ and suppose that {y. }
converges in the w*-topology to x +y with x in w(X) and y in Ker w. Then we
have

lx [+ ndl-Dliy 1= nd]-D).

ProoF. For arbitrary ¢>0 the net {t| x| y.+x} converges in the w*-
topology to (1+¢|x[)x +¢[x|y. So from

el llye +xl=1Cxls el My D=1 =, 0]

and the w*-lower semicontinuity of the norm of X we deduce

1@+ ellxDx + ellxfly = lx )1, 0.
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On the other hand we have by Lemma 1.5 that
Ta+elxDx+elxlly [ =T +elxDlxlellx 1y )]
=+l xDlxf+ndd-Delx iy

so we conclude that 1+¢||x ||+ m(-D|yl =], )], that is,

lxll+n(l- Py =11

t
and the resuit follows from (1.17) by letting t — 0.

THEOREM 2.6. Let M be a semi-|-|-ideal of X. Then there is an equivalent
norm on X with which M becomes a semi-M-ideal of X.

ProOF. By Theorem 2.2 we can assume that the cotype of | - | is «, so that the
type of |-|* is 1 (Lemma 2.1). Since M’ is a semi-|- [*-summand of X' we have by
Theorem 1.11 that M’ is a semi-L -summand of the Banach space (X', po) and it
is enough to prove that pue is the dual norm of a norm on X. To this end we must
show that the closed unit ball of (X', puo) is closed in the w*-topology.

Let {h.} be a net in X' satisfying pmo(h.) =1 for all a and suppose that {h,}
converges to h in the w*-topology. We must show that pye(h) = 1. Let 7 be the
semi-| - |*-projection onto M° and write f, = 7w (h.), g = h. — f.. By Theorem 1.7
we have

@) £+ n -1l g | = prolha) =1

so [[fo|=1 and ||g. || = 1/n(}-|*) for all a. For a convenient subnet we can now
suppose {f.}— f, {g.}— fo+ g in the w*-topology with f, fo€ M°, g €Ker 7w and
that {|f. |} — a, {|| g ||} b. We have clearly.

(b) h=f+fotg
and
© IfI=a,

and from (a) we deduce
(d) a+n(|-|"b=1.

For arbitrary £ >0 and large enough a we have || g, | = b + ¢ and we can apply
the above Lemma to the net {g, /(b + €)} to obtain

ifoll+ndl-Igl=n(-*)b+e)
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so letting ¢ >0 we have

€) Ifoll+ nCl- ) lgll= n( - [*)b.
Now from (b), (c), (d), (e) and Theorem 1.7 we deduce

puo(h)=1f + ol + n(l- g I=If I+ foll+n- Mg
=a+n(]-Mb=1,
as required.

REMARK 2.7. We point out for later use that the renorming processes carried
out in Theorems 2.3 and 2.6 are each the converse of the other. To verify this it is
enough to look at the corresponding dual norms (see Remark 2.4) and to take
into account Remark 1.12. Note the close relation between the renorming
processes carried out in this and the first section. The point is that when
Theorem 1.11 is applied to a dual Banach space X with a w*-closed semisum-
mand M, then the resulting new norm ||| - ||| is dual.

Lima [16; Corollary 6.6] has proved that semi-M-ideals are proximinal
subspaces and [17; Theorem 1.2] has studied the best approximation mapping
onto a semi-M-ideal. Next we extend this result to arbitrary semiideals. The
following Lemma is an improvement of Lemma 2.1

LEMMA 2.8. Let |-| be an absolute norm. Then
n(|- )=Max{g =0 :|(8,1)|=1}.
ProoF. In the Banach space (R, | - |*) we have as in the proof of Lemma 2.1
D((L,0)={(B1: [(BD]|=1}

Write = Max{B =0 : |(8,1)| = 1}. By Lemma 1.5 we have that n(|- |*) belongs
to V((1,0), (0,1)) so (n(| - |*), 1) belongs to D((1,0)) and we have n(|-|*) = a. On
the other hand, it is clear that (e, 1) belongs to D((1,0)) so we have again by
Lemma 1.5 that a = v((1,0),(0,1)) = n(|-|*).

COROLLARY 2.9. Let M be a semi-|- |-ideal of X. Then M is a proximinal
subspace of X and

B0, 2n(|- )l x + M) C Pu(x)— Pu(x) C Bu(0,2n(] - [*) || x + M )
holds for all x in X.

PrROOF. In view of Theorem 2.2 and Proposition 1.2 we can suppose that the
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cotype of |- | is . By Theorem 2.6 there is an equivalent norm ||| - ||| on X such
that M is a semi-M-ideal of (X, ||| [||). By Remark 2.7 we have

Il =1l MM Ml x+MIDE (x € X).

If we put in the above equality x + m instead of x with x arbitrary and m in M
and take greatest lower bounds of both members with m running along M, we
obtain

lx + M| =1llx+MIll (- *). D] =l x + M|

where we have used the above Lemma.
For x in X and m in M we have

lx = mlf=(nd- ) lilx=mlll, Ilx+MI])]
s0 we can use again the above Lemma to obtain that | x —m ||=||x + M || if and
only if ||| x — m || = ||| x + M |||. Therefore the sets of best approximation of x in
M for the norms || - || and ||| - ||| agree. Then the result follows from [17; Theorem

1.2] by taking into account that |m || = n(]-|*)||| m]|| for all m in M.

Recall that semisummands and semiideals are different generalizations of
summands. The relation between both generalizations is clarified by the
following result which is another application of the renorming Theorems in this
section.

THEOREM 2.10. Let M be a semi-|-|-summand and a semi-|-|-ideal of X.
Then M is a |- |-summand of X.

PrOOF. By Theorems 1.4 and 2.2 we can suppose that the type of |- | is 1 and
that its cotype is . To avoid ambiguities let ||- ||, denote the norm of X and let
I+ |- be the equivalent norm on X given by Theorem 2.6 such that M is a semi-
M-ideal of (X, || |L). For i = 1,2 let V,, v; and p be defined by (1.10), (1.14) and
(1.18) for the corresponding norm |-|. Recall that

Fx s =1 - ) oy fx + M)

in view of Remark 2.7. Let m € M with | m ] =1 and x € X be fixed and note
that |n(|:|*)m |.=1. For all @ >0 we have

(@) fm+axli=|(n(-m+axlk alx+Ml)
Consider the mapping F:[0,1]— (R’ |-]) defined by
Flay=(n(|-[)lim+ax |, @] x+Ml).
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We have clearly | F(0)| =|(1,0)| = 1 and by (1.16) F is differentiable at zero with
(b) F'(0) = Max Re Vo(n(|- [*)m, n(|- [*)x), | x + M |}.)

so we can apply Lemma 1.6 to F and in view of (a) and (1.16) we obtain

Max Re V,(m, x) = Max Re V(F(0), F'(0))
=MaxRe[Va(n([-[)m, n(|- [)x) + EQ, n(|- ) x + M |-)]

where for the last equality we have used LLemma 1.5. As in the proof of Theorem
1.7 we deduce

Vi(m,x)= Va(n(] - [*)m,n(|-[*)x)+ EQ,n(]- D[ x + M)
hence

vi(m, x)=v(n(|- Ym n(]- )+ n(|- D] x+ M.

Now let m run along the unit sphere of (M, |- |) so that n(}- |*)m runs along the

unit sphere of (M, ||-{.) and we obtain
(©) pid(x) = n(l- W)+ n(|-Nx + M|

-|l1) onto M. By Theorem 1.7 and

Let 7 be the semi-|- |-projection from (X,
Proposition 1.2 we have

() piix) =)+ n(- Dllx + ML

As in the proof of Corollary 2.9 we have | x + M ||, =[x + M |, so (c) and (d) give
us

o ()l = n(]-[*)p%(x)

and we have proved that =7 is linear.

3. Semiidealoids

In this third section we deal with those closed subspaces M of our Banach
space X such that M° is a semi-|- [*-ideal of X'. Such a subspace will be called a
semi-|- |-idealoid of X. We say that M is a semiidealoid of X when there is a
(unique) absolute norm |- | such that M is a semi-| - [-idealoid of X. Although for
many absolute norms | - | (including the classical L? norms) semi-|- |-idealoids are
either semi-|- [-summands or semi-|- |-ideals (see the next Theorem), in our
general context the concept of semiidealoid provides a new interesting class of
subspaces of a Banach space. Actually we will prove the existence of
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semiidealoids which are neither semisummands nor semiideals. Thus the concept
of semiidealoid is probably the most suggestive one in this paper. The following
Theorem summarizes the relation between the new concept and the above
discussed ones.

THEOREM 3.1. Let || be an absolute norm. Then:

(i) Every semi-|: |-summand of X is a semi-|- -idealoid of X.

(ii) A closed subspace of X is a semi-|- |-ideal and a semi-|- |-idealoid of X if
and only if it is a |- |-ideal of X.

(iii) If the type of || is not 1, then every semi-|- |-idealoid of X is actually a
|- |-ideal of X.

(iv) If the cotype of || is not ®, then every semi-| - |-idealoid of X is actually a
semi-| - |-summand of X.

ProOOF. (i) Let M be a semi-|- [-summand of X and note that in view of
Theorem 1.4 we can suppose that the type of |- | is 1. By Theorem 1.11 py is an
equivalent norm on X such that M is a semi-L-summand of (X, ps). Then by
[16; Theorem 6.14] M™ is a semi-L -summand of (X", p ) where p 1 denotes the
bidual norm of p. Now we can apply Theorem 1.11 to obtain that if we write

" 1 " " "

1El =] (o) psar +MO) | Fex?
then ||| - || is an equivalent norm on X" such that M* is a semi-| - |-summand of
(X", Il I. The proof of (i) will be concluded by showing that ||| ||| = ||l By

Remark 1.12 (or directly from Theorem 1.7 (iii)) we have that

+

(x € X).

1= | (o o), 5 -+ M)

So the mapping

o= (vt M)

is a linear isometry from (X, |:||) into X X (X/M), the norm in the last space
being given by

l(PM(x),PM(y+M))'+ (x’yEX)'

Now the bitranspose mapping

F (B + M)
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is a linear isometry from (X", || ||) into X" X (X"/M®), the norm in the last space
being given by
|(pidF), pid G + M®)|"  (F,G EX").

So we have shown that

T

7= (o 42 s otk + M%)

for all F in X", as required.

(ii) Predualize Theorem 2.10.

(iii) The cotype of |- |* is not @ (Lemma 2.1), so if M is a semi-| - |-idealoid of
X, then M°is a |- [*-summand of X' (Theorem 2.2) and M is a |- |-ideal of X.

(iv) The linear part of this assertion is Theorem 9 in [21], the proof of which
remains true without changes in our eventually nonlinear case.

REMARKS 3.2. (i) For the classical L” norms our Theorem assures that semi-
L -idealoids are semi-L -summands (this is known in [16; Theorem 6.14]) and that
semi-L°-idealoids for p > 1 are L"-ideals (in fact L”-summands unless p =« in
view of Theorem 2.2).

(i) The restrictions on the absolute norm in statements (iii) and (iv) of the
above Theorem are essential. For if the type of |-|is 1, then by Theorem 1.4
there are semi-| - |-summands (so semi-| - |-idealoids) which are not |- |-summands
(so not |- [-ideals in view of Theorem 2.10), and on the other hand, if the cotype
of |- | is %, then by Theorem 2.3 there are | - |-ideals (so semi-| : |-idealoids) which
are not |- |-summands (so not semi-| - [-summands in view of Theorem 2.10).

After Theorem 3.1 the only remaining question about the relation between
semisummands, semiideals and semiidealoids is the existence, for a type 1 and
cotype « absolute norm |- |, of semi-| - |-idealoids other than semi-| - |-summands
and |- |-ideals. The rest of this section is devoted to answering this question.

For each real number y with 0 = y =1 we consider the “hexagonal” absolute
norm |- |, defined by

|(a,b)], =Max{|b], [a|+y|b]}  (abER)

Note that ||o=M and |- |, = L, while for 0<y <1 the type 1 and cotype =
absolute norms | - |, will play in our situation a similar role to the ones played by
L and M in sections 1 and 2 respectively.

THEOREM 3.3. Let 0=y =1 be a fixed real number and let M, N be
semi-| - |,-idealoids of the Banach spaces X, Y respectively. Define in XX Y a
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norm by
e y) I =Max{lx + M+ [y + NI, x|+ ylly + N[ fyll+vlx+ M}

Then M X N is a semi-|-|,-idealoid of X X Y. Also M XN is a semi-|-|,-
summand (resp. |-|,-ideal) of X X Y if and only if M and N are semi-|-|,-
summands (resp. |- |,-ideals) of X and Y respectively.

PrOOF. (i) First we prove that if M and N are semi-| - |, -summands of X and
Y respectively, then M X N is a semi-| - |,-summand of X X Y. More concretely,
let my (resp. v ) be the semi-| - |, -projection from X (resp. Y) onto M (resp. N)
and define

m{(x,y) = (mm(x), mn(y)) xEX yEY)

Then = is clearly a semiprojection on X XY whose range is M XN. A
straightforward computation shows that 7 is a semi-| - |,-projection (the norm on
X X Y has been happily found to this end).

(ii) Now let M and N be arbitrary semi-|- |,-idealoids of X and Y respec-
tively. Then M® and N* are semi-| - |,-summands of X" and Y”. By (i) we have
that M* x N” is a semi-| - |,-summand of X" X Y”, the norm on X" X Y” being
defined by

I(F,G)|=Max{|F + M®|+]|G + N*||F[+ y[|G + N*[LIG I+ y| F + M*|}.

But the bidual space of X X Y is identified in a natural way with X" X Y"” with
the above norm and in this identification the bipolar of M X N is just M® X N*,
so M x N is a semi-| - |,-idealoid of X x Y.

(iii) Assume that M X N is a semi-| - |,-summand of X X Y. In order to prove
that M and N are semi-|-|,-summands of X and Y, let = be the semi-|- |-
projection from X X Y onto M X N, fix x in X and write 7 (x, 0) = (mo, no). It is
enough to show that no = 0. Since |[(x,0)+ M X N | =| x + M| we have that

Pusn((x,0)) ={(m,n) EM X N : [|(x —=m, —n)[| =] x + M|}
={(m,n)EM XN :|x=m| =[x+ M|[n]=1-y)|x+M]}
= Pu(x) X Bn(0,(1 — ¥) | x + M{}).
On the other hand we have by Proposition 1.2 that
Pusn (%, 0)) = Baoen (110, mo), (1= ) [ x + M |))
= Bu(mo, (1= y)[|x + M[))X Bx(no, (1 - v) | x + M ).

Compare the above two equalities to obtain no =0, as required.
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(iv) f MX N isal-|,-ideal of X X Y, then M®x N® is a |-|,-summand of
X" X Y" and the corresponding |- |,-projection is w *-continuous. It follows from
(iii) that M* is a |-|,-summand of X" and that the |-|,-projection from X" onto
M® is w*-continuous. Therefore M is a |- |,-ideal of X and the same argument
applies to N.

ReMARK 3.4. The above Theorem together with previous results give the
existence for each 0 < y < 1 of a Banach space with a semi-| - |,-idealoid which is
neither a semi-| - |,-summand nor a | - |,-ideal. By Theorem 1.4 there is a Banach
space X with a semi-|-|,-summand M which is not a |-|,-summand and by
Theorem 2.3 there is a Banach space Y with a |-|,-ideal N which is not a
|- |,-summand. By Theorems 3.1 and 3.3 M X N is a semi-| - |,-idealoid of X X Y
with suitable norm. If M X N were a semi-|- |,-summand of X X Y, then by
Theorems 3:3 and 2.10 N would be a |- |,-summand of Y, a contradiction. If
M X N were a |- |,-ideal of X x Y, then the same arguments show that M would
be a |-|,-summand of X, a contradiction.

In what follows we use a renorming process to obtain for each type 1 and
cotype « absolute norm |:| semi-|-[-idealoids which are neither semi-|-|-
summands nor |- |-ideals.

For the next Lemma the definition of a seminorm py associated to any
nonzero subspace M of a Banach space X should be recalled (see section 1). In
the proof a space will be considered as a subspace of two different Banach spaces
and we emphasize if necessary this fact by writing p(xa) instead of pa. It is clear
that if M CY CX, then prm(y)= pxm(y) for all y in Y.

LEMMA 3.5. Let M be a semi-|-|-idealoid of X. Then

pr (x) = pu(Jx (x))
and

Ixi=1em(x), I x + M| forallxin X.

PrOOF. Let 7 be the semi-|-|-projection from X" onto M™. For x in X and
m in M with |[m| =1 we have by Theorem 1.7(i) that

Vi(m,x)=V(Ix(m),Jx(x))= V(Ux(m), mIx(x))+ EQ,n(|- )| x + M)
)
pra(x) = pcan(x) = poe (Tl (X)) + n(| - ) x + M ||
= por.son(mx () + (|- )| x + M|
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Since the natural identification of M™ with M" maps Jx(M) onto Ju (M) it
follows from Lemma 1.16 that
P oIy (x)) = | Jx (x) {.

Thus we have
pu(x) =[x (x) ||+ n(|- D] x + M|

and the equality pu(x) = puo(Jx(x)) follows from Theorem 1.7(iii).

The equality ||x | =](pm(x), | x + M|))|" follows from the first part of the
Lemma and the fact that this equality is true in case M is a semi-| - |-summand of
X (apply Theorem 1.7(iii)).

COROLLARY 3.6. Let || be a type 1 absolute norm and M a semi-| - |-idealoid
of X. Then py is an equivalent norm on X. Let p 1y denote the bidual norm of py on
X". Then pyo(F) = pi(F) for all F in X". Moreover, if pu»(F)< p w(F) holds for
some Fin X", then F satisfies the inequality p i(F) = (n(|- )+ n(|- *)| F + M* ||

ProoF. Since M® is a semi-|-|-summand of X" we have by Theorem 1.11
that pue is an equivalent norm on X" and the first equality in the above Lemma
gives us that py is an equivalent norm on X.

Fix F in X" and let {x.} be a net in X satisfying pu (x. ) = p i{F) and such that
the net {Jx(x.)} converges to F in the w*-topology of X". By the w*-lower
semicontinuity of the norm py» (see Remark 2.7) and the first equality in the
above Lemma we have that

puoo(F) = lim Inf{pyoo(Jx (x4 ))} = lim Inf{pr (o)} = p M(F).

By a similar argument to the one used in the proof of the first part of Theorem
3.1 we can bidualize the second equality in Lemma 3.5 to obtain

IFl={(piF), [F+M*[D]" (FEX").

On the other hand we can directly apply to M® and X" the second part of
Lemma 3.5 and we obtain

IF[|=|(pue(F), [F+ M®)[*  (FEX".
Then if F € X" is such that pye(F) < p3(F) we can apply Lemmas 1.1 and 2.8

and we obtain
pF)=n(-["*)|F+M*|

The desired inequality follows from the fact that n(|:|["*)=n(]-|)+n(|-|*)
which can be easily verified by using Lemma 1.10.
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THEOREM 3.7. Let o-| and |-| be type 1 absolute norms satisfying n¥[n,=
n*/n where n =n(| [*), no=n@|-1), n=n(-|)and n* =n(|-*). Let M be a
semi-| - |-idealoid of X and define

e ll=| (pute) 20+ M) | e x)
Then ||| - || is an equivalent norm on X and M is a semi-| - |idealoid of (X, ||| |I|).
Moreover, if M is a semi-y| - |-summand (resp. o| - |-ideal) of (X, ||-(), then M is a

semi-| - |-summand (resp. |- |-ideal) of (X ||| |I]).
PROOF. Since M™ is a semi-o| - |-summand of X" it follows from Theorem 1.11

that if we write

+

a(F)=| (), 22 )+ M7 )

(Fe X"

then g is an equivalent norm on X" such that M® is a semi-| - |-summand of
(X",q). So for the first part of the Theorem it is enough to show that
N F ]| =q(F) for all Fin X".

By bidualizing the defining equality of ||| - ||| we have that

+

IEN=|(our, 21+ ml) | Fexn

and the equality [|| F [|| = q(F) is clear when pye(F) = pi(F). Otherwise by the
above Corollary and our assumption that n¥/n,= n*/n we have that

purlF) < pI(F)= (no+ nB)| F + MP|| = (n +n*) 0| F + M®|

=n(|-[")2|F+M|

and it is enough to apply Lemma 2.8 to obtain that ||| F ||| = q(F).

If M is actually a semi-o|- |-summand of (X, |-||), then M is a semi-|-|-
summand of (X, ||| |||) (Theorem 1.11), while if M is a o - [-ideal of (X, |- ||) then
we can apply Theorem 1.11 to obtain that M® is a |- |-summand of (X", |||-||)
with w*-continuous | - |-projection and therefore M is a |- |-ideal of (X, ||| -|||).

REMARKs 3.8. (i) Assume in the above Theorem that n%/n,= n*/n. Then
we can apply again the Theorem to the Banach space (X ||| - ||) resulting from it
by interchanging the absolute norms o - | and |- |. In this way we reencounter the
initial Banach space (X, ||- ||). To see this it is enough to apply Remark 1.12 to X"
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and M™, once we know by the above proof that the norm (|| ||| on X” which
appears when we apply to it Theorem 1.11 is just the bidual norm of the norm
[II-1ll on X defined in the above Theorem.

(ii) For shortness a semi-|- |-idealoid will be called “proper” if it is neither a
semi-|- |-summand nor a |- |-ideal. Note that a proper semi-| - |-idealoid can not
be a semi-| - |-ideal by the second part of Theorem 3.1. The same Theorem shows
that if either the type of | - | is not 1 or its cotype is not «, then there are no proper
semi-| - |-idealoids. Now we can exhibit a proper semi-| - |-idealoid for each type 1
and cotype « absolute norm |- |. In fact, let | - | be such an absolute norm and let
o|* | be the hexagonal norm |- |, where y = n/(n + n*). Since 0 < y <1 there is a
Banach space with a proper semi-| - |,-idealoid (Remark 3.4). Since n, = y and
n% =1-— 1, we have that n¥/n,=n*/n so Theorem 3.7 and the above Remark
are applicable and they yield the desired Banach space with a proper semi-|- |-
idealoid.

4. The concluding Theorem

For the purpose of this last section a brief summary of the relation between
the three kinds of subspaces discussed in this paper should be in place. The
first generation of subspaces is the one of semisummands whose linear parts are
the summands. Unless the absolute norm | - | is of type 1 every semi-| - |-summand
is a |+ |-summand (Corollary 1.8). Conversely for each type 1 absolute norm ||
there are semi-| - |-summands which are not |- |-summands (Theorem 1.4). The
second generation is the one of semiideals (closed subspaces whose polars are
semisummands) whose linear parts are the ideals (closed subspaces whose polars
are summands). The intersection of the first and second generation is the linear
part of the first one (Theorem 2.10). Unless the cotype of the absolute norm |- | is
® every semi-|- |-ideal is a |-|-summand (Theorem 2.2). Conversely, for each
cotype » absolute norm | - | there are semi-| - |-ideals which are not |- |-ideals and
|- |-ideals which are not |- |-summands (Theorem 2.3). The third generation is the
one of semiidealoids (closed subspaces whose polars are semiideals). The third
generation includes the first one (Theorem 3.1(i)) and intersects the second one
in its linear part (Theorem 3.1(ii)). Unless the type of | -| is 1 (resp. the cotype is
) every semi-|- |-idealoid is a |- |-ideal (resp. a semi-| - |-summand), so proper
semi-| - |-idealoids can only occur when the type of || is 1 and its cotype is ®
(Theorem 3.1(iii) and (iv)). Conversely, we have proved that such a proper semi-
|- |-idealoid always exist when the type of |- | is 1 and its cotype is © (Remark
3.8(ii)).
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In order to complete the picture we conclude this paper by showing that the
fourth generation (those closed subspaces whose polars are semiidealoids)
agrees with the second one (the semiideals). More suggestively, every w *-closed
semiidealoid of a dual Banach space is a semisummand. This is agreeable news
because it shows that the procedure of obtaining new concepts by consecutive
predualization of the one of semisummand is achieved with the third generation.
As a consequence we obtain that every w*-closed ideal of a dual Banach space is
a summand so that the first two generations are enough in the linear case. This is
the reason why the concept of |- |-idealoid was not introduced.

THEOREM 4.1. Let M be a closed subspace of a Banach space X and let |- | be
an absolute norm. Then M is a semi-|-|-ideal of X if and only if M° is a
semi-|- [*-idealoid of X'.

ProOOF. The “only if”” part follows from Theorem 3.1(i). If the cotype of |- | is
not ® the “if” part follows from Theorem 3.1(iii) and [21; Theorem 9], so we
assume that the cotype of |-| is .

Let M°be a semi-| - [*-idealoid of X'. Then M® is a semi-| - |-ideal of X" and by
Theorem 2.6 there is an equivalent norm |||- ||| on X" such that M® is a
semi-M-ideal of (X", ||| |l|). Moreover (Remark 2.7) this new norm is related
with the old one by the equality

(a) IFI= > NIF Il F+MZ[D]  (FeX)

where n* = n(|-|*). As in the proof of Corollary 2.9 we have || F + M”||| =
| F+ M®{ for all F in X", so

(b) IF[=]@*IFI, I F+M*D] (FEX").

Write q(x) = ||| Jx(x)|||. Then g is an equivalent norm on X satisfying
© lxll=ln*q(x). |x+M[)]  (x€X)

(apply (b) with F = Jx(x)). Bidualize equality (c) to obtain

(d) IF{=|(n*q(F), [F+M™|)] (FEX")

(the bidual norm of q on X" is again denoted by q). From (a) and Lemma 2.8 we
have that

©) IFl=l*DINFN=FIl  forall FinX".

In particular | x || = q(x) for all x in X, so
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) IF|=q(F) forall FinX".

By applying Lemmas 1.1 and 2.8 we obtain from inequalities (b), (d), (¢) and (f)
that

INF]|=q(F) forall FinX".

In this way we have proved that M* is a semi-M-ideal of (X", q). In view of
Remark 3.2(i) we deduce that M is a semi-M-ideal of (X, ¢q).
From (c) we deduce that

Ix+M|=|(n*q(x+M),||x+M|)| forallxinX,

and Lemma 2.8 gives q(x + M)=|/x + M|, the converse inequality being clear
from q(x)=| x|l Now (c) reads

[xli=](n*q(x),q(x +M))| (xEX)

and it is enough to apply Theorem 2.3 to the Banach space (X, q) which contairs
M as a semi-M-ideal to conclude that M is a semi-|- |-ideal of (X, |- |).

COROLLARY 4.2. Let M be a closed subspace of a Banach space X and let |- |
be an absolute norm. Then M is a |- |-ideal of X if and only if M° is a | - [*-ideal of
X'

ConcLupING ReMark. If follows from the results in this paper that the
concept of semiidealoid becomes a new interesting topic in Geometry of Banach
Spaces. The authors have obtained some relevant results on semiidealoids. For
example they are proximinal subspaces. This can be proved by using Theorem
3.7 which reduces the problem (as in Remark 3.8(ii)) to the case of semi-||,-
idealoids (where |-|, is an hexagonal absolute norm) which are just those
semiidealoids satisfying the 13-ball property (see {24]). Actually a stronger result
can be obtained. Concretely the assertion of Corollary 2.9 is true for
semiidealoids. We intend to deal with these and further topics in a subsequent

paper.
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